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I. Introduction 

iHf: pmndox of 1-:instt!'in, Podolsk~· and Rosen !1] was ad\'an~ ,.,. •an argumt'nt thnt qu;antu:n mech;.,mcs 
could not lx- a complete.- theory but :;hould be toupp!c,ml'!lted by adrii:h"Xlal ~·uriabl~s. Tht-S(' additional vau­
abl~ wt!'re to retoture to the theory causality and loc:;•lity !21. In th1~ not(' that idcn v.•ill h~ formuliited 
:ns:hematicaily and shown to b<- inC'ornp11tihl~ w1th the statistical prr:dit'tionl: of qu;ir.tum me-chanic);. It is 

th.: r~quirement of locali_!y ..__O!_DIOr<;' .. 2!.~.£.i_s~b.:.J!H!U~~- ~~-~~,l_t_of..;ur.~_asurcl'!lcnt on one ~·~·eaem be unarft~ct'"cd 
-~~Jatl~n&:9!l .. i!.~<!1~!in_t ~~~l~m_wilh_~·h i~:_!i_}~. has ~!)t_eta£.t<'~ .. in th~ pOl-~t.-thut creates the CS:>C'flli;,J d1f· • 
!icult}·· Thc:r~ h:s\·e been attempts 131 to sh<:>w that even withuut-~~(iA·s~pRra.hifity or 'tocu!iiy rcqUJr('· · 

nent no "hidd('n \'ariabl('" interpretation oi quantum mechanics is p<>Sl'Oibh:. These attempts hnvc: he~ 
exAmined d!l~whc:rc: 141 :md found wccntin&. MorC'o\'r.r, u hidden v:tri~.blc intl'rpretostiun of elementary qulin· 
:urn theory [S] has t>ccn cxpli<:itly conl'<tructed. That pMticulosr intcrpr~lation h.~s indt,cd a p,r~sly non­
local structure. This is characteristic, accordinp, to the rt'sul_uoJx: .PJQ\'_c:d hc:u:, of <!SlY such thcar}' which. 
reproduce!> exucii}·~quantum mechanical preaic'tio~-~------4·--·--------·---· ---------·-· .. -------·· ·-- . -

II. Formulation 

\\'1th the example advocatr.d b~· Bohm nnd Ah;uonov [6j, the EP~ ;up,ument is the followin~. Consider 
1 p;a1r of spin one-half p;utides formed sorrehow in the !'Oinp,let spin state and movin£ f reeiy m oppos1tt.• 
directions. Measurements can be made.-, ,;ay by Stem-Gerlach m.1gnct,;, un selected componrnt~: of the 
!ipins ri: and ;} 1 , If mc.-a:rourem~t of !he component <; 1 • .4, where & is some unit vccto:, y1clds the vahw 
• I then, :accordinp, to quantum mechanics, me;a:-.urement oi ,j ~ • .. ~ mus;t yield the value -1 and \'i<:c: versa. 
:'\011.· 'J\'e make the hypothc:oi:o; 121. ;and it seems one at lr.ast worth considering, thnt if the t•"'o mcasure­
llt':lls nrc: mt~de at places remee from Ont' mother the OfiCfltUtion of one rr.ngnel OOCS not influence lhC' 
re~ult obtained ""th the other. Since we can predict in Rd\'•mce the result of mr.n:-.uranp; any chost'11 c;ornpo­
nt':lt of d 2 , ~· previou~tr measuring the- s;ams <:<>mponc:nt of <.:, , it folluws that the resuit of lin}' s.uch 
m.:;u;urt'mcrtl must actuRII\' be pred~tc:rmmed~ Sin~ the initial quantum m('ch;•nict~l w&vc function does nor 
determine the result of sn individual meOI!'Ouremer.l, this prr.dct~rminallor. smpli<•!'. the pus~:-ab1hty of a more 
r.omplete specificution of the strste. 

Let this more complca· :<:pt'dficntion be effcct('d by means of para:nt"tr.rs .\. It is. a mattr.r <>i indiffer­
ence in the following whether), denotes a :-::inglc: vanable or a set, or c:~-en a S<-t of functions, :.<:1d whether 
th~ \'ariables are discrete nr continuous. Howt>vcr, we write as if,\ w<-re .-. :;inp,le cont!nuous p;uarr.etcr. 
The le!'Oult Au! mea~urinv. ;; : • 3 is thc.-n detr.rmin~d t.~· il and .\. and the result R of rnr.os,;urinv. '~ ~· 6 in the 
$01me instancc is dt'tt'rminr.d b\· b and .\, and 

••c.:lc KUpllQ~"d m 1""•- by thll t:.S. A:or.\tc Enor'-'!' Co"''"'""'"n 
~Q, leave of ab~"nce frc~ SLAC """' <:J::.~S 
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At~. A) ! 1, B(b . . \) - ! 1. 0) 

!~ ~.!..ll_n:'e~!~J 21 as thut the result B for particle 2 does not defend _o_l! the 5etling ~~ of the m~~t 
foe partu;lc:.J., AOr A ;.; l.G · - . . -

If p l>.l i!' the prob:ibality distribution uf A then the expt.-<:tuhon \·alue of the: product of the two nxr.­
pont.-nt:; ; : . ,; and ,; : · 6 is 

{2) 

Thi!' should equal the quantum mech~ icul ex~ctutaon 'llllue, which for the !lln~let state is 

(3) 

Uut at will be ~>ho"'n thilt thir. is not possible. 
Som~ might prefN d (ormuluuoo in which the hiddt"'l variables fAll into two sets, IJoith A dependent on 

one and H on the nther; thh: p01::o:ibility i:o: conh•ined in the osbove, since A strsnds for arl)' number of \'uri· 
abies and the dependences thereon of A and B ure unrestricted. In a complete physical theory of the 
type envir.a~ted b~· 1-:in~:tein, the hidden \·ariablcs would ha\·e dynumicul:dv.nlficance und luws of motion; 
our ,\ can then be thoup)lt of us anittal vulues of these \'Utiables at some suitable inst&nt. 

Ill. Illustration 

The proof of th~ main result 1s quite simple. Rt"fore gi\•ing it, hov."t"vt"r, a number of illustriltions r.-:ny 
serve to put it in per~~cti\'c:, 

Firstly, tht"r<' is no difficulty in gi,·ing a hidden \'oari<able account of :;pin measurements on a sinv)e 
p:uticle. Suppose we have a span h:.lf particle in a pure spin state with polarization denoted ~· a unit 
vcct<>r p. Lt't th<' hiddrn variable br (for example:) ;a unit \'ector .\ with unaform probability distribution 
o\·er the hemal'phere A · p · ll. Specify that the result of measurement of a component J · ,; is 

sign A·.~· , 

whcr<' .~· is a umt vector depending on .~ <and p in a w••y to be 5pt!ci£ied, und the sip.n tWJctlon is + 1 or 
·· 1 accordsn2 to the si~ of it:; arv.ument. Actually this lea\•es the result undetermined when A • a' ~- 0, 
but as thl' probability of this is zero we will not milke :o;pecial prescriptions for it. A\•eraging over .\ thr 
expectallon vulue is 

d . ,; ·. - 1 - 2 0'/" . 

where o' is the angle bl'tW(.'('fl ,;• and p. SuppOl'l." then thllt ,;• is obtained from ,; ~· rotation toward5 p 
until 

2tl' 
1 - cos 0 

-· . where 0 i:o: the ilngle between :l 01nd p. Then we have the desired result 

< ~ . ,; -_, .,. cos 0 

(6) 

(7l 

So in this simp!<' case thN<' is no difficulty in the view th;d the result of evt'f)' measurement i:; deten:~lllC'Il 
by the villue of an extr.1 \'anable. and that the statistical fcaturt"~ of quantue~ mechunics arise because~ 

. \'ulue of this \'ariabl<' is unknown in individual instoances. 
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Secondly, there ill: no difficulty in reproducin~t. in the form (2), the only features of (3) cu~m~only u:.ed 
1n verbal discussions of this problem: 

P(~. _;) - - P(.;, -.;) -1 ( 

P 18. &l - 0 H ~ · /, - 0 \ 
(8) 

For exumple, let )., now be unit \'ector A, with uniform probobilit~· distribution over ull directions, and tuke 

A(8. A) - si~ 8 • 1.. l 
B Ia. b) - -sign g · '1. \ 

(9) 

p <ii. ~) . - 1 • 2 fJ • (10) 

where 0 is the an2le betweeTJ a and b, and (10) bus the properties (8). For comparison, consider the re­
sult of a modified tht"D~' l6l in which thc pure singlet state is replaced in the coun;e of time b)' an i:.o· 
tropic mixture of product states; this ~th·es the conelution function 

1 .• "t 
- - n · o 

3 
(11) 

It is prob~tbly less easy, experimentally, to distinguish (10) from (3), than (11) from (3). 
Unlike (3), the function (10) is not statiocuary Ill the minimum Vltlue - l(at 8 - 0). It wm be seen 

that this Is ch~tractenshc of functions of type (2). 
Thirdly, and finally, there is no difficulty in reproducin& the quantum mechanical correlation (3) if the 

results A and 8 in (2) are allowed to depend on £ and :; rcspc:-cti•;cly iiS well AS on a ~and &. For ex­
ample, replace 8 in (9) by ~· , obtained from ,; bo,· rot11tion towards g until 

1 - ~ o· - cos o . 
n 

where fl is the angle bctw~ ~· and 6. Howt'ver, for given voluell: of the hidden variables, the results 
of measurementlli vdth one magnet now depend on the settsng of the distant magnet, which h~ juKt what we 
would wish to avoid. 

IV. Contradiction 

The main result will now be proved. Because p is a normalized probability distribution, 

/dA.p("A) - 1. (12) 

and because of the properties (1). P in (2) cAnnot be lt!Ks thon -1. It can reach -1 at ii "£ only if 

A(o,"A)- -B(a,A) (13) 

I!Xcept at a set of points )., of zero probability. Assuming this, (2) can be rewritten 

P(8, El - - fiAp("A) A(;;, A.) A(~. "A). (14) 
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It follO'io'S !hut c ~~ another unit vector 

u:oing (1), whence 

P(a. 6) -P<.~. c>- -£-Ap(.\) IA<li. A) Ac6. A> -A<,:;.;...) A<~. A)J 

- .fi:a.p<A) A(;;, ;a.) Alb. A) (A{b, A) A(c, A) -1) 

· P<a. "6) -P<:i . .:>1 ::: JaAp<.\> 11- A<&.,\) Ace. A)J 

The Se<:ond tc:ortn on the rtght IS p ( b, c), whence 
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(lS} 

Unle:;s P is constant, the right hand side is in general of order . b- c 1 £ex small 16- ~I· Thus P (6, c) 
cannot be stationury ut the minimum value (- 1 at ~ - c) and cannot equal the quantum mechanical 
value (3). 

Nor can the quantum rnech:trucul correl;ation (3) be arbitrArily closely approximated by the form (2). 
The form11l proof of this may be set out as follows. \\'e would not worty about failure of the approximation 
at isolated points, so let us consider snstead of (2) nnd (3) the functions 

Pc;;. 6> and -li. 6 

where the bAr d~otes independent avcrag1ng of p (;;: b') and - ;• · b' over ~CIOIS n' and l/ within Spet· 

i£ied small angles of n and b. Suppo~e th11t for :.II a and ~ the difference is bounded by t : 

(16) 

Then it will be shown th:st 1 cunnot be made arbitraril~· small. 
Suppose that for all n and b 

(li) 

Then from (16) 

: P co. b) • o . 6; ::: ( ~ ., (18: 

from (2) 

(19) 

where 

'A<a, A> 1 ::; 1 11nd 1 B(b, .>.) 1 :s (20) 

from (18) and (19), with ~ ~ 6, 
(21) 

from (19) 

P<8. 6) - P<a. ;;·> _ j;>..p<M IA<a. ><> 8c6. "->- .4<ii. >..) s<c. A)J 

-J!.>..p<:a.> A<;. >..l 816, >..l Lt + A<t. A> s<c, ;a..)J 

- y.Ap(A) A(:;,),.) B(~. A) [1 +A(~,.\) B(K, >..)) 
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Using (20) then 

Thl.":: using (19) and 21) 

t"inall~·. u,;in~t (18), 

or 

OS THa,: 1-:ISSTEIN PODOI.SKY R<~Y.N PARADOX 

!P(.~. hi -Pl:.;. ;;) ;;. ~A .. (.\1(1. A(&, A) B(t=. XI) 

• /a.\pUl(l • . .\ (~. A) B (~. AI) 

, ;; · ,. - ~j · 61 - 2<• • ;)) · 1 - t · ~: • 21r • ;)) 

• $(, • ()) -
. 
c -

T11kc.o for ex:ample 8 · ,; - 0, ..; · 6 - ~ · ,. 

Thl'fefore, for 10mo.~ll fimle 8, • cannot ~ :nbitraraly small. 

(22) 

Thus, thc.o quantum mechanical t'XJX'C'tation \'aluc c01nnot be represented. eitht-r accuratel)' or arbitrar· 
il~· do,::ely. in the form (2). 

V. Generalization 

The example considered above has the advantage that it requires little imagination to envisage the 
mt'IISuremcnts in\·olvr.d 11ctuall)· being made. In a more formal wa)·. assuming [7} that any Hermitian oper· 
ator with 11 complete set of eigenslates is an "obsc.>r\'ablc.o", the re,;ult is enily extended to other systems. 
If the two systems hAve ,;tAte spacc:'8 of dimen10sonalit)· greater than 2 we can always consider two dimen· 
sional subs paces and define. in their dirc.>ct product, opt>rators a 1 and ij 2 formall)• ilnRiogouR to those 
used above and which are zero for ,;tate,; out10idc the produc.1 subspace. Then for at loast one quantum 
mechanical state. tht" "singll't" state in the combined subspoa~s. the Rtati~:~;tical predictions of quantum 
mechAnic~; are incompatible with Kepanable predetermLnalion. 

VI. Conclusion 

In a theof)· sn whach parameters are added to quantum me<:henic:a; to dct e results of ~.ndiv~l 
me11surements, w1 ou c 11n gsn~t t e ,;tahshca pre 1ctioos, there must b!..!..!!!,ccbanis~....kv~­
llri& of one liieasUfln , dev1ce can Lnfiueace the rl'ading of another · ...J!.oJ!eV!J~ r~e. Moreover, 
t c signal invot .. ·cd must propag11te instantaneoll!& y. !l:o that !l:uch a theory could not bo Lorcntll: invariant. 

Of course, the situation is different if the quantum mochanic<~l d alid~. 

Conceivably they might app )' on >' to expcr1ment5 1n which the settings of the instruments ere made :;uffi­
Ciently in AdvW~ce to allow them to reach somt" mutual repport by exchan&e of signals with velocity lns 
than or equal to that of light. In thAt connection, experiments of the t)•pe proposed by Bohm and Ahuronov 
[6). in which the settings are changed during the flight of the particle,;, are crucial. 

I ~m indr.btNI to Dr~>. Itt. B:,ndcr ,.,rJ }. K. P('ff'ing lOT .. ·ery useful discu.<Jsion~ ol thi:; problem. The 
first clr:~ft ul tht- papt!r ws~ wrilf('.IJ durinA a ~My ... t Br;mdeis University; I am indebted to coliMgue:s there 
:rnd nt the Uni\•euity of l'isconsin I~ their intet<>JJI Btld hosplloliry. 
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